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Surface Reaction with Combined Forced 
and Free Convection 

The influence of combined forced and free convection on the surface 
reaction of a laminarly flowing species in a rectangular channel is studied. 
The  free convective motion, which is superimposed upon the main axial 
flow, arises from a transverse density gradient produced by the release of 
a reaction product, or heat, a t  the channel wall. A numerical stream func- 
tion-vorticity method is employed to  solve the three-dimensional conserva- 
tion equations in the case of large Schmidt number. Effects of aspect ratio, 
diffusivity ratio, surface reaction rate, and Rayleigh number upon the over- 
all reactant conversion rate and local Sherwood number are  examined. 
Reasonable agreement is obtained with experimental data  for a hydro- 
chloric acid-calcium carbonate surface reaction. 
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In chemical kinetics investigations and in the design 
of reactors, the engineer must consider the fact that the 
overall reactant conversion rate may be influenced signifi- 
cantly by transport phenomena. Examples of diffusional in- 
fluence upon reactions in laminar and turbulent flow are 
provided by Solbrig and Gidaspow (1967, 1968). Quite ac- 
curate estimates of transport effects are possible when the 
transport of reactant occurs solely by forced convection 
and molecular diffusion; however, if the system physical 
properties are such that reactant transport is influenced 
by both forced and free convective motions, then the 
combined net result cannot be predicted so accurately. 
Combined forced and free convection has been found 
by Roberts and Guin (1975) to be an important flow 
regime governing the conversion rate of acids used in 
oil well stimulation treatments, while a similar flow re- 
gime has been observed by Derzansky and Gill (1974) 
in reverse osmosis studies. The former situation is of 
practical importance in governing the penetration of acid 
into fractures in limestone and dolomite oil reservoirs. 
Besides mass transfer, heat transfer rates are sometimes 
controlled by combined forced and free convection as 
exemplified by the studies of Cheng et al. (1972) and Ou 
et  al. (1974). 

Each of the above investigations is concerned with the 
axial flow of fluid in a horizontal channel. Because of a 

particular process occurring at  the channel wall, that is, 
heat transfer, mass transfer, or surface reaction, there 
arises a transverse concentration or temperature profile, 
which in turn gives rise to a density variation in the fluid. 
Since the channel is oriented horizontally, the action of 
gravity upon the variable density fluid induces a secondary 
circulation which is superimposed upon the main axial 
flow, yielding the so-called combined forced and free 
convective regime. This secondary flow influences the rate 
of transport to the channel wall, and the net result is a 
phenomenon wherein the conservation of momentum and 
mass or heat are intimately coupled. This complex inter- 
action makes it difficult to predict from empirical correla- 
tions the performance of processes which operate in such 
a combined flow regime. 

The objective of this study was to investigate the in- 
fluence of the transport phenomena upon conversion of a 
chemical reactant in the combined flow regime. By ana- 
lytical and numerical study, the governing parameters 
were identified, and the interaction of fluid mechanics 
with the surface reaction kinetics was studied. Proceeding 
in this manner allowed explanation and correlation of 
some earlier experimental results for surface reactions 
influenced by buoyancy forces, as well as providing a 
rough guide for ascertaining the importance of such phen- 
omena in similar processes. 

CONCLUSIONS AND SIGNIFICANCE 
Analytical representation of surface reaction in the com- 

bined forced and free convection regime has shown the 
system to be governed by four dimensionless parameters, 
namely, aspect ratio, diffusivity ratio (Lewis number), sur- 
face reactivity (Damk’ihler number), and Rayleigh num- 
ber. The effect of each parameter upon reactant conver- 
sion and local Sherwood number was determined numeri- 
cally by using a finite-difference stream function-vorticity 
formulation, and the results were presented graphically. 

For Ra > 103, increases in the overall reaction rate as com- 
pared to the classical Graetz solution appeared between 
z - 10-3 and 0.5. By using an estimated Ra = 6.6 )( 
106, the theory was shown to satisfactorily account for the 
experimentally observed conversion rate of aqueous hy- 
drochloric acid in a limestone channel. The graphical 
results presented herein may be used to predict the over- 
all reactant conversion in processes where species trans- 
port is influenced by combined forced and free convection. 

The overall rate of a chemical reaction process, particu- 
larly a fluid-solid reaction, is often times determined by a 
combination of intrinsic chemical kinetics and transport 
phenomena. Considerable success has been realized al- 
ready in modeling surface reactions in rectilinear laminar 
flow, where the transport of chemical species occurs by 
molecular diffusion (Solbrig and Gidaspow, 1967; Lycz- 
kowski et al., 1967), and in turbulent flow, where an 
empirical eddy diffusivity may be employed (Schechter 
and Wissler, 1962; Solbrig and Gidaspow, 1968). In 
these forced convection studies, the convective motions 
were the results of imposed pressure gradients and/or 
molecular diffusion fluxes, and the fluid properties were 
considered constant. A t  the other end of the spectrum, 
free convection with surface reaction has been studied 
recently wherein the convective motion arose solely from 
buoyancy forces caused by temperature induced density 
gradients (Gray and Kostin, 1974). In addition, numerous 
studies of transient free convection with various heat trans- 
fer boundary conditions have been made by Churchill 
and co-workers (Ozoe and Churchill, 1972; Ozoe et al., 
1974). 

This paper examines a flow regime intermediate be- 
tween the two noted above, that of combined forced and 
free convection. The geometry considered is that of a 
horizontal rectangular duct in which a surface reaction 

occurs upon the two vertical sides, while the top and 
bottom walls are inert. This sur€ace reaction is visualized 
as resulting in the release of heat, or a reaction product, 
which changes the local fluid density, thereby giving rise 
to a buoyancy induced free convective motion which 
becomes superimposed upon the main axial flow. The re- 
sulting three-dimensional velocity field thus partially con- 
trols the transport of reactant to the surface and thereby 
influences the overall reactant conversion rate. In the 
combined forced and free convection region, calculations 
have been made for several heat transfer boundary condi- 
tions by Cheng and co-workers (Cheng et al., 1972; Ou 
et al., 1974). The calculations performed here are similar 
except that two species equations must be considered, one 
for the reactant and one for the product (possibly heat) 
species. 

MATHEMATICAL MODEL 

Consider the horizontal rectangular duct shown in Fig- 
ure 1, in which reactive species A experiences a first- 
order surface reaction given stoichiometrically by &A = 
6bB on the two vertical sides. The fluid density is depen- 
dent upon the concentration of product B, and hence a 
transverse density gradient perpendicular to the gravita- 
tional acceleration arises by virtue of the surface reaction. 
The duct is considered to have an inert inlet region, so 
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Fig. 1. Coordinote ond grid system for surface reaction in a horizontal 
duct. 

that the fluid enters the reactive section with a fully 
developed rectilinear laminar velocity profile. If all varia- 
tions in fluid properties are ignored, except that of the 
density in the body force term, then the governing system 
equations are 

VtaV = 0 (1) 

( 2 )  

(3)  

-1 

P 
( V .  V)V = -VP + g + VVZV 

V VCi = DiV2Ci, i = A, B 

The applicable boundary conditions for Equations (l), 
( 2 ) ,  and (3)  are 

U = V = W = O  onallwalls (4) 
U = V = O a t Z = O  ( 5 )  

(6) W = W,(X, Y) at Z = 0 
a c A  - a c B  ---=0 at X = O , a  and Y = O  (7) an an 

(8) 
In further accord with the Boussinesq approximation, the 
density variation is represented by 

(9) 

Equations ( 1 )  to (9)  also provide a mathematical de- 
scription of the analogous heat transfer phenomenon oc- 
curring when component A reacts at an adiabatic surface 
with heat of reaction AH. In this case, component B be- 
comes heat rather than matter, and if one equates Cg = 
T ,  DB = 01, and 8 b  = - AH/&, then the mathematical 
representation of the two physical processes becomes iden- 
tical. For this to be valid, of course, the surface rate con- 
stant k can not be a function of T .  Thus, the density varia- 

tion giving rise to the secondary flow may be visualized 
as arising from either a temperature or a coricentration 
gradient. 

If we define p ,  and W, as the pressure and velocity in 
steady, rectilinear, laminar flow, then these two quantities 
satisfy the respective equations 

-- +g,= 0 
Po ax 

a2w, azw, 
Po az aY2 ax2 

+-) = o  (11) 
- - - + u ( -  1 a p o  

Introducing the perturbation quantities p’ and W’ by p 
= p ,  + p’ and W = W ,  + W’ and writing (1) to (3) 
and (11) in dimensionless component form, we get 

au av awl -+-+-=o 
ax ay az 

dU 

au 1 - q u ~ + v - + ( w , +  sc ax aY w’) -  az 

8p’” 1 a2u 
dX Pe2 a 9  + VZU + -- + HueB - _ - -  

a V  “I u E + v - +  ( w o + w ’ ) -  
sc ax aY 

1 d2v 
Fez $22 

+ v2v +--- 

d ’ - C A  (w, + W l )  + v- ( w ,  + w’) 

pe2 az 

s c  ax aY 

+ (w ,  + w’) - - - -- + V2W’ 
1 ap’” 

aw’ az 1 - 

a BA aea a e A  
U- + v - +  ( w , + w ’ ) -  

ax JY az 

2 - [ U  D* aeB 
ax 

1 De aP, 
VZW, = - - - 

up, W,Fe az 

where the Laplacian retains only the x and y dependence. 
Equations (12) to (18) will now be greatly simplified 
by neglecting the terms divided by Pe2 and Sc, thus yield- 
ing an approximate set of equations valid for large Fe 
and Sc numbers. Some idea as to the range of validity 
of this approximation may be obtained from the litera- 
ture. Calculations performed by Ozoe and Churchill 
(1972) and by Elder (1966) indicate that the inertia 
terms have very little effect in problems of this type for Sc 
> 10 and hence that Sc + 00 yields a reasonable approxi- 
mation in most instances. In the same light, research on the 
Graetz problem by Sorenseii and Stewart (1974) and 
others has shown that for Pe greater than about 40, the 
axial diffusion terms are negligible, and hence Pe + to 
is an allowable simplification. After neglecting the terms 
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for Pe + 00 and Sc + 00, one may conclude from (15) 
and (4) that w' = 0 everywhere. This major simplifica- 
tion allows (12) to ( 14) to be cast in a stream function- 
vorticity framework, namely 

V2[ = RaaeB/dy (19) 

V2Y = [ (20) 

vzw 0 -  - - c 

The solution to (19) to (23) must satisfy the following 
boundary and symmetry conditions: 

e A =  1 and u = v = O B = O  at z = O  

w, = Y = 0 on all walls 

(23) 

(24) 

( 2 5 )  

am, - = q = C = O  along y = O  
aY 

(28) 
asA - aeB Y + l  - - - = 0 along y = 0 and x = 0, - 
an an 2Y 

From (19) to (29), it is concluded that the reactant 
concentration @A will have the dependence BA = BA(r, y, 
2, Ra, Y, P, DO). 

QUANTITIES OF INTEREST 

Several quantities of engineering importance may be 
obtained from the solution to the model formulated by 
(19) to (29). The bulk mean concentration for the re- 
actant is 

- 
0.4 = w, @A d . A / i  wo dA ( 3 0 )  

while the local Sherwood number is 

Sh = 

31 Y + l  

aY y = -  4 

In (31),  the overbars on wall-evaluated quantities indi- 
cate averages over the reactive perimeter. An alterna- 
tive expression for Sh may be obtained through integra- 
tion of (21) over the area A followed by an application 
of Green's theorem to yield 

An average Sherwood number may be defined in the 
usual manner as 

- 1 '  
Sh = -l S h d z  

z 
(33) 

For the particular limiting case of the diffusion controlled 
reaction (1' + co), one has the overall material balance 
relation - eA=exp[-Sht] - 4  - 

l + Y  
(34) 

which is useful for checking the precision and consist- 
ency 01 numerical results. Equations analogous to (30) 
to (34) may be obtained for component B in a similar 
manner. 

SOLUTION OF MODEL EQUATIONS 

Since the primary interest here was on elucidating 
physical behavior, certain known finite-difference methods 
were employed to effect the solution. To set up the 
finite-difkerence formulation, a system of grid points was 
established as hewn in Figure 1. Because of axisym- 
metry, only half oE the channel was considered. Since 
all quantities were known at the beginning of the reac- 
tive section, a simple explicit method with forward dif- 
ferences used was cliosen for the solution of Equations 
(21) and (22). This technique, described as method V 
by Torrance (1968), has desirable conservation proper- 
ties with respect to the convective terms between all 
points in the finite-difference grid. Stability is insured by 
choosing an appropriate three-point lioncentral difference 
expression for the nonlinear x and y derivatives based 
upon the signs of u and o at each grid point. 

The model requires the solution of the stream func- 
tion-vorticity equations at each axial position. The AD1 
method was used to perform this calculation by intro- 
ducing fictitious unsteady terns into (19) and (20). 
After each fictitious time step in the AD1 solution, nDw 
wall vorticities were extrapolated from the interior stream 
function field by using a third-order Taylor expansion. 
The fact that wall vorticities were one time step behind 
the interior values became negligible as the steady state 
was approached. Once the steady stream function-vorticity 
fields were found, secondary velocity components were 
obtained by second-order central differences. The AD1 
method was also employed to solve (23) at the beginning 
of a calculation. 

At any axial position, the interior concentration fields 
were found from the previously known field values and 
secondary velocity components at the prior axial loca- 
tion. Following this, tbe boundary concentration values 
at the new location were obtained by extrapolation from 
the interior values by using a second-order Taylor expan- 
sion. Of course, this calculation also results in a value for 
the local Slierwood number at the wall according to (31) 
and, as noted by Ozoe and Churchill (1972), is perhaps 
the least accurate feature oE the entire computational 
procedure. Fortunately, an alternative Sherwood number 
may be found h n i  ( 3 2 ) ,  and comparison of the two values 
at each axial location yields some indicati'on of the accu- 
racy. Determination of the boundary concentration values 
then allows calculation of the secondary velocity compo- 
nents from (19) and (20 ) ,  after which another axial 
step may be taken. 

ACCURACY AND COMPUTATIONAL TIME 

Se'veral tests were performed to assess the accuracy 
of numerical solutions. The AD1 solution of (19) to (20) 
with 150 grid points used checked within 1.5% of the 
analytical result in Timoshenko (1959). For Ra = 3 x 
lo4, a comparison of Sh computed with a 9 x 17 grid 
gave agreement to within about 3% of Cheng et al. 
(1972), while1 for Ra = 0, the numerical asymptotic Sh 
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Fig. 2. Effect of Rayleigh number on bulk reactant concentration 
profile and local Sherwood number for diffusion controlled reaction 

in a square duct. 
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Fig. 3. Effect of surface reaction rate on bulk reactant concentration 
profile and local Sherwood number in a square duct. 
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Fig. 4. Effect of diffusivity ratio on reactant bulk concentration 
profile and local Sherwood number for diffusion controlled reaction 

in  a square duct. 

was 3.06 vs. the analytical 3.091. Further comparisons, 
including Ou et al. (1974), and a study of grid size are 
given by Chang (1975). Complete solution of (19) to 
(23) with the usual 11 x 15 grid required about 1 hr. 
on an IBM 370/155. 

RAYLEIGH NUMBER 
The axial variation of mean reactant concentration and 

local Sherwood number for the diffusion controlled case 
in a square duct is shown in Figure 2 for various Rayleigh 
numbers. For Ra > lo3, significant increases in overall 
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Fig. 5. Effect of aspect ratio on reactant bulk concentration profile 
and local Sherwood number for diffusion controlled reaction in  a 

square duct. (NX = 13, NY = 19 for Y = 2,3.5.) 

reaction rates are caused by the secondary flow in the 
range between z - 10-3 and 0.5, and the solutions de- 
part from the constant properties cusve, with higher Ray- 
leigh numbers yielding increased reaction, as expected. 
For z greater than about 0.5, all Sh's approach the same 
asymptotic (Graetz) limit. The Sh's in Figure 2 have thus 
been extrapolated to the asymptotic value of 3.65 found 
numerically. 

Of some practical importance when these results are 
used is the fact that Sc - lo3 for liquids vs. - 1 for 
gases; therefore, for the same Re and channel geometry, z 
will be smaller for liquids than for gases. Thus, liquid 
phase applications will tend toward the entrance region, 
while gas phase applications may well lie nearer the fully 
developed region. The Sc number difference for liquids vs. 
gases is of further importance in that Ra = Sc*Gr. 

SURFACE REACTION RATE 
Figure 3 shows Sh and T A  for Ra = lo5 with various 

first-order reaction rate parameters. The crossover of the 
Sh at z - 1.5 x is interesting. This net effect re- 
sults from a combination of two phenomena. A higher 
value of P gives a thicker concentration boundary layer 
and lower values of Sh near the channel entrance; how- 
ever, the higher values of P also result in greater secondary 
flow further downstream, giving rise to larger values of Sh 
and the resulting crossover. For comparison, the values 
of Sh with Ra = 0 were also computed (Chang, 1975). 
There was, of course, no crossover, and the values of Sh 
were everywhere greater at lower values of P. For Ra = 
0, each Sh approached a different asymptotic value, de- 
pending upon P, and the curves in Figure 3 have been 
extrapolated to these values. 

DlFFUSlVlTY RATIO 
Figure 4 presents the effect of diffusivity ratio upon Sh 

and T A .  Again, there is an interesting crossover effect, 
which is absent when Ra = 0. A larger value of D' 
reduces the transverse concentration gradient of compon- 
ent B and hence the secondary flow intensity. From Figure 
4, it is seen that most of the reaction for I)" = 0.25 
occurs much more rapidly and with greater intensity over 
a shorter region of the channel, than tlLat for D' = 1.0. 
This intense secondary flow, however, is self-defeating 
in a sense because being a mixing mech~tnisin, it destroys 
the very concentration gradient causing it, thus resulting 
in the sharper maximum in Sh for D' = 0.25 as com- 
pared to D' = 1.0. 

ASPECT RATIO 
The effects of aspect ratio upon TA and Sh are shown 

in Figure 5 for the diffusion controlled reaction with Ra 
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Fig. 6. Secondary flow streamlines a t  z = 0.2117 X lop2 for y = 

0.2, Ro = 105, P + 00 and D* = 1. (NX = 27, NY = 19.) 

= lo5. The effects of secondary flow are more pronounced 
in the case of the short wide channel, while becoming 
virtually insignificant for small aspect ratio, From Figure 
5 it is seen that the Sherwood number and hence sec- 
ondary flow intensity reaches a maximum at lesser values 
of z for higher aspect ratios. 

Several interesting secondary flow patterns have been 
observed numerically depending upon the aspect ratio. 
Examination of the streamlines for several aspect ratios, Ra 
= 105 and P + 00, revealed that in the entire channel 
cross section: 

1. Two secondary flow vortices were present at all z 
for y = 1 (square channel). 2. Four vortices were present 
from z = 0.9651 X lop4 to 0.3986 X lop2 for y = 0.2 
and from z = 0.1045 x to 0.9198 x 10-3 for y 
= 0.5. 3. Six vortices were' present from z = 0.8450 x 

Typical streamlines for y = 0.2 and 3.5 are presented 
in Figures 6 and 7 as an illustration of the secondary 
flow patterns. Figure 6 illustrates the secondary flow in 
a tall narrow channel. The less dense fluid near the right 
wall moves upward, while the more dense fluid near the 
center moves downward. Two vortices appear near the 
top and bottom walls and grow toward each other, even- 
tually becoming one further downstream around z = 
0.4874 x For the short wide channel shown in 
Figure 7, the less dense fluid at the right-hand wall moves 
upward forcing the more dense adjacent fluid to move 
downward. The fluid near the center line, which for this 
aspect ratio is far away from the reactive wall, is almost 
stagnant, although it does move slightly in the opposite 
direction. Thus, two small vortices in addition to the 
larger usual one arise at the top and bottom corners near 
the center line. Proceeding downstream, these two vor- 

to 0.2292 x 10-2 for y = 3.5. 

X 
a 
- 

Fig. 7. Secondary flow streamlines a t  I = 0.1062 x 10-2 for y = 
3.5, Ra = 105, P +  00, and D* = 1. (NX = 13, NY I 19.) 

z = .00130 

z= ,0232 

2 = ,00435 '3 
a, 
0 

1 I 

z =  ,100 
Fig. 8. Contour plots of reactant concentration. 

tices disappear as the dominant one grows. In the case of 
a square duct, only a single vortex is present. 

Typical contour plots for reactant concentration are 
presented in Figure 8. Near the channel inlet, the con- 
tours are nearly vertical, indicating low secondary motion 
contribution to reactant transport, while further down- 
stream the effect of secondary circulation is obvious. The 
most concentrated reactant remains near the lower center 
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Fig. 9. Comparison of  theory with experiment for reaction of hydro- 
chloric acid in limestone channel. (NX = 27, NY = 9.) 

of the channel, since it is more dense than the product 
being released at the vertical surface. Far downstream, 
the concentration contours would again become near ver- 
tical as the secondary flow diminishes and molecular 
diffusion again becomes the predominant transport msch- 
anism. 

COMPARISON WITH EXPERIMENT 

Surface reaction experiments in the combined flow 
regime have been performed by Roberts and Guin (1974) 
who studied the surface reaction of hydrochloric acid in 
a rectangular duct with limestone walls. The overall stoichi- 
ometry of the reaction studied was 

2HC4aq) + CaC03(,) + C02(aq) + CaC1z(aq) + HzO 

(35) 
The surface kinetics of this system have been studied 
thoroughly by Lund et al. (1975) using the rotating 
disk geometry. At the conditions employed in the experi- 
ments of Robeits and Guin, the carbon dioxide remained 
in solution, and the surface reaction was essentially in- 
stantaneous and irreversible. If the fluid density is con- 
sidered to be a function primarily of the calcium chloride 
concentration, and if the complexities of electrochemical 
ionic diffusion are represented approximately by a con- 
stant effective diffusivity (Roberts and Guin, 1975), then 
these experiments may be analyzed within the framework 
of the model developed here. By using the values p = 
-80.9 cm3/g mole CaC12, & / 6 b  = 2 moles HCl/mole 
CaC12, De = 0.385 cm, D A  = 4 X lop5 cm2/s, v = 
0.012 cm2/s, Cao = 0.0014 g mole HCl/cm3, the Ray- 
leigh number may be estimated as -6.6 x lo6. A com- 
parison between the model prediction and the experimental 
data is presented in Figure 9. Secondary flow causes the 
data points to lie below the curve for Ra = 0; however, 
agreement with the solution for Ra = 6.6 X lo6 is rea- 
sonable. This comparison is encouraging; however, it 
would be desirable to perform additional experiments by 
using a system having more accurately defined param- 
eters which adhere more closely to the assumptions made 
in the model formulation. 

The reaction shown in (35) is exothermic, and one 
might expect a contribution to free convection from the 
density variation with temperature. As noted earlier, this 
heat release problem may also be analyzed within the 
framework presented here by simply renaming certain 
variables. Use of an approximate heat of reaction of -8.3 
kcal/g mole and expansion coefficient of 1.5 x 10-4/0C 
gives Ra = 1.2 x 105 for this nonisothermal reaction 

problem. Further, the Lewis number ( D " )  is estimated 
to be -30. A computer run with these parameters yielded 
a curve negligibly different from that for Ra = 0 in Fig- 
ure 9, showing that temperature variations would not 
cause significant free convection effects in the experiments 
of Roberts and Guin (1974), shown in Figule 9. The large 
value of D" reduces the transverse density giadients in 
this case, thus minimizing free convective effects, 
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NOTATION 
a, b 
c 
C = molar concentration 
C, = heat capacity 
D = diffusivity 
D o  
De 
g, = gravitational acceleration 
Gr = pg,De3 0, /2  
AH = heat of reaction 
k 
k L  = mass transfer coefficient 
N X ,  NY = number of interior grid lines in x direction, y 

n 
P 
Pe = Peclet number, ScRe 
Pr = Prandtl number, V / ( Y  

p = pressure 
p'" 
Ra 
Re = Reynolds number, w , D e / v  
Sc = Schmidt number, v /DA 
Sh = Shemood number, &De/DA 
T = temperature 
U ,  V, W = velocity components in x, y, z directions 
u, v = dimensionless velocities, DeU/DA,  DeV/DA 
w = dimensionless velocity, W/wo 
X, Y, Z = rectangular coordinates 
x, y = dimensionless coordinates, X/De ,  Y / D c  
z = dimensionless axial distance, Z/ZleScRe 

Greek Letters 

(Y = thermal diffusivity 
,8 
y = aspect ratio, b/a 
a,, S b  = stoichiometric coefficients of A, B, respectively 
0 A  = dimeinsionless concentration of A,  CA/Ca,, 
& = dimensionless concentration of B, (CB -- CB, ) /B ,  

v = kinematic viscosity, p / p  
5 
p = density 
T 

= height, width of rectangular channel 
= - ( ap,/dz) ( De/vpoW,  Pe ) ,  a constai it 

= diffusivity ratio, DB/DA or Lewis number, a / D A  
= equivalent diameter, 2ab/a + b 

= surface reaction rate constant 

direction 
= coordinate normal to wall 
= reaction rate parameter, kDe/DA 

= dimensionless pressure perturbation, p'De2/povDA 
= Rayleigh number, pg,De3 O,/vDA 

= volume expansion coefficient [Equation ( 9 ) ]  

0, = C A o /  ( S a / a b )  

= dimensionless vorticity, 5 = -&day + av/dx 

= dimensionless stream function, u = -a\I./ay and 
v = av/ax 

Superscripts 

" = dimensionless variable 
- = average value 

Subscripts 

A, B = species A, B 
o 
w = wall evaluated quantity 

I = perturbation quantity 

= inlet value at z = 0 or value in rectdincar flow 
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A Theoretical Study of Pressure Drop for 
Non-Newtonian Creeping Flow Past 
an Assemblage of Spheres 

A combination of Happel’s free surface model and variational principles 
is used to obtain bounds on the drag offered by the creeping flow of a 
power law fluid past an assemblage of solid spheres. The theoretical pre- 
dictions of the product of the Fanning friction factor f and Reynolds num- 
ber Re, are in close agreement with available experimental data on non- 
Newtonian flow through porous media. The product (f Re,) reduces for 
the Newtonian case to that of Happel and Brenner. 

V. MOHAN 

and 
J. RAGHURAMAN 

Department of Chemical Engineering 
Indian Institute of Technology 

Madras 600 036, India 

SCOPE 
The flow of a Newtonian fluid through packed and 

fluidized beds has received considerable attention in the 
chemical engineering literature. A free surface model 
developed by Happel is widely used to predict the fric- 
tion factor for ~~~~~~i~~ fluids. H ~ ~ ~ ~ ~ ~ ,  the analogou9 
problem of flow of a non-Newtonian fluid through packed 

and fluidized beds has not been analyzed so far with this 
model. This paper extends the Happel’s free surface 
model to the flow of power law fluids by making use of 
variational principles and presents an analysis for the 
friction factor in packed and fluidized beds. 

CONCLUSIONS AND SIGNIFICANCE 
A combination of Happel’s free surface model and 

variational principles yields numerical values for the 
product of the Fanning friction factor f and the Rey- 
nolds number Re, for various values of bed porosities and 
flow behavior indexes. An expression for the product (f Re,) 
in terms of the porosity and flow behavior index is de- 
veloped which well predicts experimental values of fric- 
tion factor for power law flow through packed and fluid- 
ized beds. 

V. Mohan is with the Department of Chemical Engineering, Illinois 
Institute of Technology, Chicago, Illinois 60616. J. Raghuraman is with 
the Department of Chemical Engineering, Monash University, Clayton, 
Victoria 3168, Australia. 
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